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Abstract 
Etzion, T., Combinatorial designs with Costas arrays properties, Discrete Mathematics 93 
(1991) 143-154. 
Several constructions for O-l three-dimensional arrays, in which some of the two-dimenstonal 
subarrays have ‘good’ two-dimensional autocorrelation function values, i.e., the vectors 
connecting two l’s in the matrix are all distinct as vectors, are given. Some of those 
constructions lead to constructions of Vatican squares in which each symbol defines a Costas 
array. 
1. Introduction 
Many problems arising from radar, sonar, physical alignment, and time- 
posit& +nchronization GIG be formulated in terms of finding one-dimensional or 
two-dimensional synchronization patterns with ‘good’ autocorrelation functions. 
The one-dimensional case and its applications was discussed in detail in [ 11. The 
two-dimensional case includes Sonar sequences [2,4-6,9], and Costas arrays 
[2,7, g-101. In this paper we discuss three-dimensional arrays in which the 
two-dimensional subarrays have Costas arrays properties. 
In the sequel let A(i, j) denote the value of the matrix A in row i and column j. 
Let A(i, j, k) denote the value of the cube A in row i and column j in the kth 
two-dimensional subarray of the third direction. Let A(*, *, k) denote the kth 
two-dimensional subarray of the third direction. 
A COSUS array of order rz is an n x n O-l permutation matrix with the property 
that the (“2) vectors connecting two l’s of the matrix are all distinct as vectors. A 
near-Costas array of order n is an n x n O-l matrix with n - 1 l’s, where in 
exactly one row and one column there is no 1, and the (” ; ‘) vectors connectiirg 
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two l’s of the matrix are all distinct as vectors. There are three essential known 
constructions of Costas arrays [7]. 
‘IIe Welch Construction. Let a be a primitive root modulo the prime p. Then 
construct the (p - 1) x (p - 1) matrix A, with A(i, j) = 1 if and only if 
ad’=i(modp), lsi, jsp - 1. 
The Lempel Construction. Let a be a primitive element in the field GF(q). Then 
construct he (q - 2) X (q - 2) matrix A, with A(i, j) = 1 if and only if cy’ + aj = 1, 
I&, jGq-2. 
The Golomb Construction. Let a and /3 be primitive elements in the field GF(q). 
Then construct the (q - 2) X (q - 2) matrix A, with A(i, j) = 1 if and only if 
d’ + #V = 1, 1 s i, j S q - 2. 
All the other known constructions are special ones or modifications of those 
three by deleting rows and columns or by adding rows and columns with l’s in the 
corners [lo]. 
In Section 2 we will generate cubes for which in some of the directions each 
two-dimensional subarray is a Costas array or a near-Costas array, and in the 
other directions each two-dimensional subarray is a permutation matrix. For this 
we define four types of cubes. 
A cube is called ADNC (All Directions Near-Costas) if all its two-dimensional 
subarrays are near-Costas arrays. 
A cube is called ODC (One Direction Costas) if in one of its directions all the 
two-dimensional subarrays are Costas arrays, and in the other two directions all 
the two-dimensional subarrays are permutation matrices. 
A cube is called Z’DC (Two Directions Costas) if in two of its directions all the 
two-dimensional subarrays are Costas arrays. 
A cube is called ADC (All Directions Costas) if all its two-dimensional 
subarrays are Coastas arrays. 
In the TDC cubes it can be up= : ,rified that all the subarrays in the third direction 
are permutation matrices. A stronger result is the following lemma. 
Lemma 1. In a cube A of order n all the two-dimensional subarrays are 
permutation matrices if and only if for each c, 16 c G n, A(*, *, c) and A(*, c, *) 
are permutation matrices of order n. 
roof. Since each line (row or column) is a line in exactly two projections, then 
either in all the projections all the matrices are permutation matrices, or in one or 
zero projections all the matrices are permutation matrices. 0 
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A Latin square of order n is an n x n matrix such that each row and each 
column is a permutation of the integers 1,2, . . . , n. A comprehensive work on 
Latin squares can be found in [3]. A Latin square in which each symbol defines a 
Costas array will be called an LC (Latin Costas) square. The following lemma can 
be easily verified. 
Lemma 2. An ODC cube of order n exists if and only if an LC square of order n 
exists. 
One kind of Latin squares are the Vatican squares defined in [ 11). In a Vatican 
square for each d, 1 s d =S n - 1, all the ordered pairs of the form 
(A(i, j), A(i, j + d)), 1 s i s n, 1 s j b n - d, are distinct. A Vatican square in 
which each symbol defines a Costas array will be called a VC (Vatican Costas) 
square. 
In Section 3 we give some constructions for VC squares and compare between 
those constructions. All the constructions in Sections 2 and 3 have some similarity 
to the known constructions of Costas arrays. 
In Section 4 we give some examples from a computer search. Also some 
unsolved problems are presented with some conjectures. 
2. Constructions of three-dimensional arrays 
All the constructions in this section involve the use of primitive elements in 
finite fields. 
Construction A. Let my, /3 and y be primitive element in the field GF(q), for any 
q > 2, and let X, y, and z be integers in the range between 0 and q - 2. Then 
construct the (q - 1) x (q - 1) x (q - 1) cube A, with A(i, j, k) = 1 if and only if 
Qi+X+p+Y+ yk+‘=O, 1Si, j, k<q - 1. 
Theorem 1. Construction A generates an ADNC cube. 
Proof. It is easily verified that the definition of Construction A gives a cube 
where in each two-dimensional subarray there are q - 2 l’s with no two l’s in 
the same row or the same column. For each c, 1 s c < q - 1, and the 
two-dimensional matrix defined by d’+X + /?j+y + y’+’ = 0, we may write j = 
logp( - y=+= - $+,) - y. If the matrix is not a near-Costas array, we can find two 
pairs of points in it as follows: 
W, log&yc+z - ,+,) -y), (i + m, log&-y’+’ - $+,‘+*) - y)}; 
((I, logS(-yC+’ - CY’+~) -y), (I + m, logB(-y’+’ - d+“‘+X) -y)) 
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where the corresponding vectors 
are equal, with 1 G m s q - 2. But this requires each of the following: 
Y 
C+Z + CYi+M+X 
Y 
c+z + ayi+x = logfi 
Y 
C+Z + &+?lJ+X 
Y 
c+z + cyl+x ’ 
Y 
c+z + $+m+x yc+z + &+m+x 
= 
Y 
c+z + &i+x yc+z + al+1 ’ 
yc+=(yy&ffJ - I)&’ = yc+=&y&P - l)d, 
and since y’+‘&( an1 - 1) # 0, this requires a’ = a’, and hence i = 1. The same 
claims are true 
two-dim?konal -_- 
array. Cl 
for all the two-dimensional subarrays and therefore each 
subarray of the cube of Construction A, defines a near-Costas 
Construction B. Let LY and ~3 be primitive roots modulo the prime p, for any 
p > 2, and let x and y be integers in the range between 0 and p - 2. Then 
construct he (p - 1) x (p - 1) X (p - 1) cube A, with A(i, j, k) = 1 if and only if 
d““+ p.i'Ys k(modp), l~i,j,k~p-1. 
Theorem 2. Construction B generates an ADNC cube. 
Proof. It is easily verified that the definition of Construction B gives a cube in 
which for each two-dimensional subarray there are p - 2 l’s with no two l’s in the 
same row or the same column. For each c, 1 G c s p - 1, if the two-dimensional 
matrix defined by $+x + pcty = k (mod p), 1 G i, k G p - 1, is not a near-Costas 
array, we can find two pairs of points in it as follows: 
{(i, d+x + /?c+y), (i + m, fxi+m+X  pc+y)}, 
((1, cy’+x +/3c+y), (1+ m, d+m+x + pcfy)} 
where the corresponding vectors 
( m, ai+m+x _ &i+x) and (m, c~‘+~+~ - s’+~) 
are equal, with 1 d m s p - 1. But this requires 
d(d” - 1)cu’ = Cu’(Lyrn - l)a’, 
and since (yr(ti - 1) $0 (modp), we must have i = 1. Hence the corresponding 
two-dimensional subarrays are near-Costas arrays. In a proof similar to the proof 
of Theorem 1 we can show that the other two-dimensional subarrays are 
near-Costas arrays. Cl 
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A singly periodic Costas array is an n x 00 pattern such that each n x n subarray 
of it is a Costas array. 
Construction C. Let B be an n X 00 singly periodic Costas array. Then construct 
the tt X it X n cube A, with A(i, j, k) = 1 if and only if B(i, j + k) = 1, 1 s i, j, k s 
n. 
Theorem 3. Construction C generates a TDC cube. 
Proof. It is easily verified that for each c, 1 s c s n, the columns of A(*, *, c) are 
the consecutive columns from c + 1 to c + n of B, and since B is singly periodic 
Costas array A( *, *, c) forms a Costas array. In a similar proof we can show that 
for each c, 1 s c d n, A(*, c, *) is a Costas array. By Lemma 1, for each c, 
16 c d n, A(c, *, *) is a permutation matrix. Cl 
The only known singly periodic Costas arrays are those of the Welch 
Construction. The formal construction of TDC cubes from those singly periodic 
Costas arrays is given in Construction Cl. 
Construction Cl. Let a be a primitive root modulo the prime p. Then construct 
the (p - 1) x (p - 1) x (p - 1) cube A, with A(i, j, k) = 1 if and only if 
$+‘=k(modp), l&,j,k<p-1. 
Construction D. Let a be a primitive root modulo the prime p. Then for each Q’, 
0 6 d <p - 2, construct the (p - 1) x (p - 1) x (p - 1) cube A, with A(i, j, k) = 
lifandonlyifjk=$+d(modp), l<i,j,Irc<p--1. 
Theorem 4. Construction D generates a TDC cube. 
Proof. For each d, 0 s d <p - 2, and for each c, 1 s c s p - 1, $+d and cj are 
permutations of 1,2,. . . ,p - 1 for 1 G, jsp - 1. In a proof similar to the proof 
of Theorem 2, we can show that for each c, 1 s c up - 1, A(*, *, c) and 
A(*, c, *) are Costas arrays. By Lemma 1, fcr each c, 1 s c sp - 1, A(c, *, *) is a 
permutation matrix. El 
Construction E. Let p = 2’ - 1 be a Mersenne prime and let (Y and /!? be primitive 
elements in the field GF(p + 1). Then construct the (p - 1) X (p - 1) x (p - 1) 
cube A, with A(i, j, k) = 1 if and only if cy’ + pjk = 1, 1 s i, j, k sp - 1. 
Theorem 5. Construction E generates a TDC cube. 
Proof. We make use of the fact that since p is a prime all the elements, except 
for 0 and 1, of GF(p + 1) are primitive elements. For each c, 1 s c s p - 1,’ it is 
B sy au0 my ay,L l sambs 3~ a)waua% o) spoy)atu OM) aa!% aM uoi)aas sg, UI 
l saqm 3aL )ua@+nbaur 
aimaua8 2 pm ‘(I ‘3 suo!)mr)suo3 pue ‘saqna DN(Iv )uaIea?nbaur a$maua% 
8 pule v suogmwuo3 1~~1 pauoyuaw aq plnoys 11 l aqn:, 1? 30 rCI)awwXs e 
Aq g OJU! paurrojsuml aq um v 31 ruapqnba palIe aq I~!M 8 pug v saqm OM,~, 
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Proof. In a proof similar to the one of Theorem 4, we can show that each symbol 
in A defines a Costas array. Hence A is an LC square. 0 
Two VC squares A and B are equivalent if A can be transformed into B only by 
a symmetry of a square and permutation of the symbols. We will show now that 
the squares of Constructions Fl and F2 are equivalent. 
A singly periodic VC square is an 00 x n pattern such that each n x n subarray 
of it is a VC square. 
Lemma 5. In a square A of Construction F2 each column is a cyclic permutation 
of cu, 2, . . . , cup-’ = 1. 
Proof. By definition A(i, j) = &d/j (modp), 1 d i, j <p - 1. Hence A(i + 
1, j) = ac i+*+d/j = aA(i, j) (modp), where i + 1 is taken modulo p - 1. Therefore 
each column is a cyclic shift of a, ti2, . . . , a!‘-’ = 1. Cl 
From the definition of construction F2 and Lemma 5 we can observe the 
following. 
Corollary 5.1. For a given a, all the squares of Construction F2 are equit sknt and 
singly periodic. 
Lemma 6. Let a! be a primitive root modulo the prime p. Then the squares 
produced from Construction F2 for cy and a? are equivalent. 
Proof. Let A be the square constructed by the equation A(i, j) = d/j (modp), 
1 c i, j sp - 1, and B be the square constructed by the equation 
B(i, j) = (&)i/j (modp), 1 s i, j s p - 1. First, we will show that for all 1 <j G 
P-l 
A(p-l,j)=Br+,p-j) and A(p-2,j)=++,P-j)- 
g-1 p _ a”--’ p _ 1 (a-‘)(P-‘)‘2 
A(p-l,j)s-- s------_ 
i p-j p-i p-j 
3 
A(p - 2 j) = ‘yp-2=p - cYp-2 _p - a-’ _ a-‘p - cy-’ &(p - 1) - = , 
i 
p-j = p-j = p-j p-j-- 
= &(&)(P-‘)Q = (&-‘)(“+‘w ~ B p + 1 
- 
p-i - p-j 
( 
-*p-j (modp). 
2 ) 
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Hence we have found two consecutive rows in A which are the same as two 
consecutive rows in B, in reverse order of symbols. Therefore, it follows from 
Lemma 5 and Corollary 5.1 that the squares produced from Construction F2 for ar 
and 6’ are equivalent. q 
Lemma 7. Let a be a primitive root modulo the prime p. Then the squares 
produced from Construction Fl for cy and from Construction F2 for a-’ are 
equivalent. 
Proof. Let A be the square constructed by the equation A(i, j) = a’/j (modp), 
1s i, j s p - 1, and B be the square constructed by the equation B(i, j) = i + 
log,-1 j (modp -l), l&,jsp-1, 16i+log,-ijsp-1. It is easy to verify 
that each column of B is a cyclic shift of 1,2, . . . , p - 1. From this observation, 
Lemma 5, and the definitions we only have to prove that by substituting i 
(mod p - 1) instead of LY’, 16 i c p - 1, in A to produce A *, the first row of B 
and the first row of AI are identical. For each j, lcjsp-1, 
A(l, j) = a/j = a’+‘oh-‘i(modp), and hence Ar(1, j) = B(l, j). Cl 
From Lemmas 3 through 7 we can infer the following theorem. 
Theorem 6. Constructions Fl and F2 generate equivalent VC squares. 
Construction G. Let p = 2’ - 1 be a Mersenne prime and let cy and p be primitive 
elements in the field GF(p + 1). Then construct the (p - 1) x (p - 1) square A, 
withA(i,j)=kifandonlyif ai+pik=l, lsi,j,ksp-1. 
Theorem 7. Construction G generates a VC square. 
Proof. In a proof similar to the one of Theorem 5 we can show that each symbol 
of A defines a Costas array and hence the square is a Latin square. If A is not a 
Vatican square, we can find two symbols kr and k2 such that 
A&, iI) = h, .4(iI, jl + 1) = k2, 
A(iz,jz) = kl, and A(&, jz+l)=k2, 
where i, # i2, jI 2: j2, and kl # k2. By definition 
$I + )6ik = 1, & + p(h+M2 = 1, 
d2 + pj2kt = 1, and a’2 + p(i2+W2 = 1, 
and hence Bilk1 = p(j1c’)k2 and @2k1 =@j2+‘jk2. Since p E GF(p + 1) we have 
jlh = (jl+ WE (mod&, j&l = (j2 + Ok2 (modp), 
and (jl -j& = (jr -j2)k2 (modp). Since p is prime and j, #j2 we have kI = k2, 
a contradiction. Therefore A is a VC square. 0 
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Construction G generates VC squares which are inequivalent o the 
VC squares generated by Constructions Fl and F2. 
roof. Let p = 2’ - 1 ble a Mersenne prime and let a! and /3 be primitive elements 
in the field GF(p -I- 1). Let A be the VC square constructed from the equation 
d + p’k = 1, where a+ pkl = 
($ + /j2kl = 
1. Since the operations are in GF(2’) we have 
1 and a4 + /34k1 =1. Hence A(l, 1) = kI, A(2, 1) = 2kz, A(2,2) = kI, 
and A(4,2) = 2kI. Therefore the columns of A are not cyclic shifts of the first 
column. By Lemma 5 and Theorem 6, A cannot be produced by Constructions Fl 
and F2. El 
Exampie I. For p = 7, 3 is a primitive root moduPo 7. Construction Fl gives us 
the following VC square: 
132564 
243615 
354126 
465231 
516342 
6 2 1 4 5 3. 
Example 2. Let a! be a primitive element of GF(23) which is produced from 
cy3 + a + 1 = 0. The field GF(23) takes the following form: 
LY” 001 
a’ 010 
a2 100 
a3 011 
a4 110 
ou5 111 
cy6 101. 
Taking j3 = a Construction G gives us the following VC square: 
351624 
632541 
145236 
564312 
426153 
2 1 3 4 6 5. 
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4. Examples, conjectures, and unsolved problems 
There is one inequivalent ADC cube for n = 1, one for n = 2, and one for 
n = 4. These are as in the following examples. 
Example 3. For n = 1, 
A(l, 1, 1) = 1. 
For n = 2, 
A(l, 1, 1) = 1, A(l, 2, 2) = 1, A(2, 1,2) = 1, A(2,2, 1) = 1, 
and all the other entries of A are zeroes. 
For n = 4, 
A(1, 1, 1) = 1, A(2, 1,3) = 1, A(3, 1, 4) = 1, A(4, 1, 2) = 1, 
A(l, 2, 4) = 1, A(2, 2, 2) = 1, A(3,2, 1) = 1, A(4, 2, 3) = 1, 
A(1, 3,2) = 1, A(2, 3, 4) = 1, A(3,3, 3) = 1, A(4, 3, 1) = 1, 
A(l, 4,3) = 1, A(2,4, 1) = 1, A(3,4,2) = 1, A(4,4,4) = 1, 
and all the other entries of A are zeroes. 
Exhaustive computer search shows that for other n G 8 there are no ADC 
cubes, and we have the following conjecture. 
Conjecture 1. Except for n = I 3 , &, and 4 there are no ADC cubes of order n. 
The computer search did not find any LC squares for odd n between 2 and 10, 
which by Lemma 2 implies the non-existence of ODC squares in this range. From 
this we have the following conjecture. 
Conjecture 2. There are no LC squares of odd order n > 1. 
Example 4. Except for the two VC squares of Examples 1 and 2 there is only one 
other inequivalent VC square of order 6: 
164325 
241536 
312654 
456213 
523461 
6 3 5 1 4 2. 
The first case of LC squares which was found by the computer search and is not 
covered by any of our constructions is for n = 8. 
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e 5. For n = 8 the following square is an LC square. 
15387462 
26478351 
37165284 
48256173 
51743826 
62834715 
73521648 
8 4 6 1 2 5 3 7. 
This LC square implies the existence of a TDC cube where symbol k, 1 s k s 8 
defines the positions of the l’s in the kth two-dimensional subarray of the third 
direction. Only two inequivalent Costas arrays participate in this construction. 
Costas array number 1: 
10000000 
00000001 
00100000 
00000100 
01000000 
00000010 
00001000 
0 0 0 1 0 0 0 0. 
Costas array number 2: 
00000100 
00300000 
00000001 
10000000 
00010000 
00001000 
00000010 
0 1 0 0 0 0 0 0. 
Constructions for Vatican squares of order n are known only when n + 1 is 
prime [8,11]. The following is a natural conjecture. 
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Conjecture 3. VC squares of order n exist only when n + 1 is prime. 
Same other open problems are: 
(1) Find new constructions for ADNC cubes, ODC cubes, TDC cubes, and 
ADC cubes. 
(2) Find values of n for which no ADNC cubes, or no ODC cubes, or no TDC 
cubes, or no ADC cubes of order n exist. 
(3) Find new constructions for VC squares of order n where n + 1 is prime. 
(4) Find values of n for which ODC cubes of order n exist but TDC cubes of 
order n do not exist. 
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